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Analytical Euler Solution for Two-Dimensional Compressible
Ramp Flow with Experimental Comparison

A. Verhoff™*
Florissant, Missouri 63031

A newly developed procedure for obtaining analytical asymptotic solutions of the two-dimensional steady-
state Euler equations is applied to compressible flow past a ramp to further demonstrate its general utility. The
procedure has been shown to be applicable into the low transonic range (shock free). The equations are written
in natural streamline coordinates with mass flux and flow angle as dependent variables. Higher-order effects, for
example, compressibility, appear as nonhomogeneous forcing terms. This new solution procedure does not require
a Green’s function for the forcing terms and has general applicability to many other disciplines, for example, heat
transfer, besides fluid dynamics. Application of the new approach to flow problems having geometric corners, for
example, ramp, reveals the typical singularity compounding at higher order. The analytical nature of the solution
guides implementation of a nonconformal mapping and a new type of coordinate straining strategy to control the
phenomenon and ensure uniform validity. Understanding of the nature of the inviscid flow near a geometric corner
can be used to devise improved computational fluid dynamics surface boundary conditions at such singular points,
for example, airfoil trailing edge. The analytical validity of the ramp solution is corroborated for this purpose by
the von Karman similarity rule; its predictions also compare favorably with test data.

Nomenclature

9o = zero-order velocity nondimensionalized
a speed of sound (nondimensionalized by by freestream velocity o
stagnation speed of sound) G = freestream velocity nondimensionalized
b,d solution-plane mapping parameter _ by stagnation speed of sound
Dy simplifying factor, /(T T) q = local velocity nondlmen510nallzed
D, simplifying factor, /[(t — 1)( — 1)] by freestream velocity _ o
F complex dependent variable, T — i@ (@) = expansion corner velocity nondimensionalized
F complex conjugate of dependent variable F _ by stagnation speed of sound o
G mapping function (@) = expansion corner ve.lomty nondimensionalized
G complex conjugate of mapping function G by freestream velocity
H analytic homogeneous solution R = r ad}us of arc mn SOIUQOH plane
hy hy corner point functions of A r = radius of arc in sol}ltlon plane
i complex number, /—1 i, Fr, G, = asymptotic expansion component of r, ', G,
k asymptotic expansion index Hy, Ry, Ty, 6, H,R,T,and 0, where k=0,1,2,3,...
M local Mach number S = entropy . . o
M, freestream Mach number s = coordinate aligned with streamline direction
M critical freestream Mach number T = logarithm of mass flux nondimensionalized by
n,s streamline-plane coordinate freestrez.im mass ﬂ}lx
n coordinate aligned with streamline-normal t = bpdy tthkH?SS ratio
direction U,v = right-hand-side function of ¢
p local pressure (nondimensionalized by U — V) = far—ﬁf:ld value of U - |4
stagnation pressure) u,v = solut}on-plane coordinate . '
De pressure at corner point nondimensionalized w = solut}on—plane Complgx variable, u +iv
by stagnation pressure X,y = phyS}cal-plane coordinate . '
Poo freestream pressure nondimensionalized z = physmal—plan_e complex varlgble, X +1iy
by stagnation pressure z = complex conjugate of z, x —iy
0 logarithm of local velocity o = Tramp a’ﬂglff )
nondimensionalized by freestream velocity r = von Karman.scalmg parameter
q local velocity (nondimensionalized by 14 = ratio of specific heats
stagnation speed of sound) A = corner turning fln.gle
qe velocity at corner point nondimensionalized 8, v = coordinate straining parameter
by stagnation speed of sound € = cXpansion parameter
qrk asymptotic expansion component of ¢, where £ = similarity variable
k=1,2,3,... &* = critical value of &
¢ = coordinate-straining-plane complex variable,
- §+in
TS A A ¢ = complex conjugate of £, & —in
Received 13 August 2002; revision received 21 June 2003; accepted for £, = coordinate-straining-plane coordinate
publication 2 September 2003. Copyright © 2004 by the American Insti- 0 = local flow angle
tuFe of Aeronautics and Astronautics, ch. All rights reserve_d: Copies of A _ Karman similarit
this paper may be made for personal or internal use, on condition that the von farman sumuiarity pa ramf:ter
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc., P = local denSI.ty nondl.mensmnahzed
222 Rosewood Drive, Danvers, MA 01923; include the code 0001-1452/04 by stagnation density
$10.00 in correspondence with the CCC. Oc = density at corner point nondimensionalized by

*Retired, 108 Rosebrook Drive. Associate Fellow AIAA.

997

stagnation density



998 VERHOFF

Poo = freestream density nondimensionalized by
stagnation density

o = surface arc length
T streamline-plane complex variable, s 4 in
T = complex conjugate of T, s —in
P additive straining function
bk = asymptotic expansion component, where
k=1,2,3,...
,® = coordinate-straining-plane polar angle

Introduction

NEW approach was introduced in Ref. 1 for obtaining analyt-

ical asymptotic solutions of the two-dimensional steady-state
Euler equations. The equations are written uniquely in terms of mass
flux and flow angle such that higher-order compressibility and rota-
tionality effects appear as right-hand-side (RHS) forcing terms. A
complex-variable mapping is then applied to this nonhomogeneous
Cauchy—Riemann system resulting in a single first-order partial dif-
ferential equation (PDE) in the complex plane.

This single PDE is solved by asymptotic iterative correction
whereby the RHS terms are evaluated using previous iteration re-
sults. The new procedure allows closed-form analytical solutions to
the resulting PDE at each order of approximation, provided the RHS
terms are analytically defined. In this case the solution procedure is
reduced to the evaluation of indefinite integrals. The procedure is
general and applicable to the two-dimensional Poisson equation and
its various subsets, such as nonhomogeneous Cauchy—Riemann sys-
tems, and the two-dimensional nonhomogeneous biharmonic equa-
tion. Therefore, it has applicability to many other disciplines, such
as heat transfer, structures, etc.

The choice of mass flux and flow angle as dependent variables
leads to a stronger set of boundary conditions for a given problem.
At a solid surface the usual condition of tangential flow, that is, zero
normal velocity, does not fix the velocity direction, which leads to the
necessity of a Kutta condition to remove the ambiguity. Tangential
flow with a prescribed direction can be imposed when flow angle is
used. Mass flux as a dependent variable offers the advantage of being
bounded, which is a property that can be exploited in assessing the
validity and accuracy of a given solution. With the new mass flux
formulation, the procedure is extendable to transonic shock-free
flow (Ref. 2) because each value of mass flux corresponds to both a
subsonic and a supersonic value of velocity.

The new Euler formulation and solution procedure are applied
herein to compressible flow past a ramp of arbitrary inclination an-
gle, that is, thickness ratio. This configuration provides a convenient
(and simple) geometry for illustrating the nature of the solution sin-
gularity near the corners at higher order. Compounding of the singu-
larity at higher order is suppressed by appealing to a nonconformal
complex-variable coordinate straining. A new strategy is then in-
troduced to ensure uniform validity. This approach can provide a
detailed description of flow characteristics near geometric corners
and resolve inconsistencies arising from employing classical poten-
tial flow solutions as models for local flow behavior. Such solutions
can also provide the basis for devising improved computational
fluid dynamics (CFD) surface boundary conditions at geometric
singularities.

As an example of inconsistency arising from a potential flow
model, the incompressible potential flow past a two-dimensional
infinite wedge obtained by conformal mapping has been proposed
for describing flow near a sharp leading or trailing edge. With this
model, the flow stagnates at the apex. The presumption that velocity
is small near a compression corner is used to justify incompress-
ible wedge flow as a model even when compressibility effects are
significant elsewhere in the flowfield. The major deficiency of this
model is the absence of a uniform freestream velocity because the
velocity increases without limit at large distances from the corner.
This is discussed in more detail in Ref. 3.

Relying on the incompressible flow solution to infer behavior near
a geometric corner leads to major inconsistencies between cause
and effect. For example, the incompressible solution for the ramp
geometry in Fig. 1 can be obtained by conformal mapping. This so-

Physical Plane

M. z=x+1iy

Fig. 1 Ramp geometry.

lution has the flow stagnating at the compression corner and velocity
becoming infinite at the expansion corner for all ramp angles. A very
low freestream velocity and a very small inclination angle, that is,
small perturbations, produce an unbounded effect at the expansion
corner, which is clearly inconsistent. Conventional arguments to dis-
miss the inconsistency state that compressibility would produce a
shock wave, or that a real viscous flow would separate. These argu-
ments are not very plausible for low freestream velocity. On the other
hand, for subsonic freestream Mach numbers near 1, a very small
ramp angle, that is, a small perturbation, produces a finite effect,
that is, stagnation, at the compression corner, which is also incon-
sistent. In either case, the incompressible model is clearly deficient,
which indicates that the neglected compressibility terms play an im-
portant role in the neighborhood of geometric singularities. (Note
the absence of such inconsistencies for supersonic conditions.) Fur-
thermore, the notion that compressible inviscid flow stagnates at an
airfoil trailing edge leads to difficulties at transonic conditions when
upper and lower surface streamlines having different entropy, that
is, different total pressure resulting from a shock wave, merge at the
trailing edge.

These issues of consistency were addressed in Refs. 3 and 4. In
Ref. 4 a coordinate straining was used to suppress singular behavior
at a geometric corner. However, extension of the approach to higher
order was not straightforward. The extension presented there can
also be shown to be mildly divergent. The present analysis rectifies
these shortcomings.

Analytical solutions for the ramp geometry of Fig. 1 that illus-
trate the effects of compressibility on the nature of the flow near a
corner are presented. The validity of these solutions is corroborated
by the von Kdrman similarity rule (see Ref. 5) near transonic condi-
tions. This first-order rule is applicable at all Mach numbers under
the restriction of small perturbations from freestream conditions.
Predictions of critical freestream Mach number, that is, when the
expansion corner velocity becomes sonic, are compared with lim-
ited test data. Surface Mach number predictions are also compared
with experimental data.

Mass Flux Formulation

The analytical formulation in terms of mass flux and flow angle
is presented in this section, including the mapping to streamline
coordinates. The Euler equations are reduced to a nonhomogeneous
Cauchy—Riemann system.

For two-dimensional steady flows the Euler equations can be
written in streamline-oriented coordinates s and 7 as

00 90 1 8S 20 90
—_— ==, —4+(1-M»==0
95 on M7 on ar T MO
1
@+ =g =1 (1)

Velocity magnitude and speed of sound (both nondimensionalized
by stagnation speed of sound) are denoted by ¢ and a, respectively,
and Q is the logarithm of velocity ¢ normalized by the freestream
value ¢, (also nondimensionalized by stagnation speed of sound).
The local Mach number is M and entropy S is defined in terms of
pressure p and density p as

S=[1/y(y — Dltn(p/p") = S(n) )
It is evident from the algebraic energy equation (1) that pressure
and density are nondimensionalized by their respective stagnation

values. The flow angle is 6 and local distances along and normal to
the streamline direction are denoted by s and 71, respectively. Density
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can be expressed as a function of velocity magnitude and entropy
according to

p={1-[y—1/2g* )7 Ves 3
The formulation for isentropic flow will be used for the ramp flow
application.
Streamlines and their normals are defined by the mapping
as as .
— =g¢gcosh, — =¢sinf
ox ay
on . on
— = —pgsinb, — = pg cosb “4)
ax ay

A correction would be required for nonisentropic conditions. The
coordinates s and n represent velocity potential and stream function,
respectively. The relationships

as as on on

— =4, —_=0, —_=0, - = 5
a5 1 o 95 on -~ r1 ©

transform the isentropic Euler equations to streamline coordinates
as

30 00 30 30 1 M?\a0
— - ==(p-1DH=, l——4+— =
as  on P )8n 3n+ as < ,0+ as

(6)

When relation (3) is used, the density can be represented (for
isentropic conditions) by its binomial expansion

p=1—(1/2)¢>+(1/8)2—y)q*
—(1/48)2—y)3=2y)¢" + - (7

which is uniformly convergent for all Mach numbers and is rapidly
convergent well into the supersonic range. Note that entropy effects
can be introduced as a multiplicative factor to this expression. By
the definition of a new dependent variable T as

T = (n(pq/Poqo0) ®)

and the introduction of expansion (7), the isentropic Euler equa-
tions (6) become

00  oT U 00 0T A%
==, b= ©
as an on on as as

The functions U and V have the asymptotic representations
U = (1/4)q¢* + (1/32)3y - 2)¢*
+(1/288)(10y% — 17y + 6)¢° + - --
=—(1/4¢* + (1/3)@E - y)q*
—(1/288)(2y* — 19y +12)¢° + - -- (10

which depend only on the local velocity (or local Mach number).

The functions U and V are rapidly convergent well into the su-
personic range without reliance on a small perturbation parameter.
A formal expansion parameter ¢ (for tracking the order of terms in
the analysis) can nevertheless be introduced defined as

e=1q2 = 1ML /{1 +1(y — D/21M%}) (11)

This dimensionless parameter is artificial and is not assumed to be
necessarily small. It is bounded for all freestream Mach numbers;
for small M, it is proportional to the Janzen—Rayleigh perturbation
parameter (see Ref. 6). It also serves to decouple freestream condi-
tions from the solution process. When ¢ is introduced, the functions

U and Vthen become
U=¢eq"+12@By —2)¢* + 262(10y> = 17y + 6)3° + - --

Qy* =19y +12)g° + - --
(12)

V=—eq"+ 124 —y)g* - 36’

where the normalized velocity is defined as
q=49/9= (13)

Because the functions U and V have expansions in terms of the
parameter ¢, the dependent variables T and 6 along with velocity
gcan likewise be expanded as

T=Ty+eT,+&T, +&Ts +---
0 =60 +e6) +60,+60; + -
] (14)

Making use of the density expansion (7) and the definition (8) leads
to the relationships

G=q[l+eq+Ep+eq+-

Go =€’
g =T +23; -2

=T, — 2T\ + 1T? + 69133 — 22 — y)[G4 — 1]

15)

System (9) can be viewed as linear, nonhomogeneous partial dif-
ferential equations assuming that the RHS terms U and V' are known
quantities. In an asymptotic corrective iteration process, these terms,
if they are reasonably small and well behaved, can be approxi-
mated using previous iteration results, and their integration yields
a more refined approximation. Solution of the homogeneous left-
hand-side portion, which depends on mass flux and contains some
compressibility effects, provides an initial starting approximation.
On convergence, the process yields the shock-free solution of the
Euler equations (9). This procedure is dissimilar to previous asymp-
totic analyses appearing in the literature, which typically employ a
small perturbation parameter, for example, freestream Mach num-
ber, thickness ratio, etc., and use an incompressible solution as the
zero-order term in the expansion. The range of validity of these clas-
sical approaches is typically limited by some radius of convergence.

Solution Procedure

The new solution process introduced in Ref. 1 for the nonho-
mogeneous equations is outlined in this section. Provided the RHS
terms are analytically defined, closed-form analytical solutions can
be obtained readily even when the RHS terms are functionally com-
plicated. The procedure does not require a Green’s function.

Introduction of the new complex dependent variable

F=T—if (16)

and the complex-variable mapping

s=1T+1), n=(3i/2)(F—-1)
T=s+1In, T=s—1in 17
transforms the Euler system (9) into the single first-order PDE
= WAV = W V) (18)
aT 207
The new dependent variable F has the expansion
F=Fy+eF +&*F,+&’F3+--- (19)

which follows from expansions (14).
If a conformal mapping represented by

T=G(), {=&+in (20)
is introduced, the Euler system becomes
—1 -
oF 1[0G aG 9 1
— = — ——U+V)—=U-V 21
Cle 2<3§> 3C3§( " C( boey

Integration yields

po1(36) "2 (U+V)Gd ——(U V)
a9 ) ac 7 4t

1
+ 70U = V) + H(©) (22)
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where (U — V), represents the far-field value. The homogenous
solution H (¢) provides the means for imposing corrections to main-
tain boundary condition fidelity necessitated by the indefinite inte-

gration.
If a nonconformal mapping represented by
T =G0, t=&—in (23)
is introduced rather than mapping (20), the Euler system becomes
IF 3G dF 3G 13G 9 139G 9
———=——4+-—=—U+V)———=U+YV)
9z 9¢ 98¢ ac 298¢ 9L 20t 3¢
190G 9 130G d
+-—=—U-V)—=——=U-YV) (24)
2 9¢ 0¢ 29¢ 3¢

This expression is slightly more complicated than Eq. (21) for the
case of a conformal mapping. For a coordinate-straining-type map-
ping, the function G has the expansion

T=0+6G (5, 0)+&GL, )+ (25)

For the conformal mapping case the functions G, depend on ¢ only.

Convergence characteristics of the RHS quantities U 4V and
U —V appearing in the generating equations (18), (21), and (24)
are shown in Figs. 2 and 3, respectively, as a function of local Mach
number. Convergence is rapid into the supersonic range. Because
the functions U + V and U — V are of higher order [see Eqs. (12)],
Eq. (22) can be solved by corrective iteration. The zero-order so-
lution F corresponding to the homogeneous portion of system (9)
provides the first approximation. At each level of asymptotic ap-
proximation during the solution process, an additional term in the
series expansions (12) is included in the RHS forcing terms and the
process is repeated to generate an improved approximation. With

U+v
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Fig. 2 Convergence characteristics of U + V as a function of local Mach
number.
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Fig. 3 Convergence characteristics of U — V as a function of local
Mach number.

this process, the solution at each level of approximation is deter-
mined without altering previously determined lower-order compo-
nents. There is no small expansion parameter per se (because ¢ is ar-
tificial) involved in the procedure; it relies on the rapid-convergence
properties of expansions (10). This also holds true for the solution
of Egs. (18) and (24).

Ramp Flow Application

Application of the preceding solution procedure to flow past a
ramp of inclination angle « is presented in this section. The geometry
is in Fig. 1. The ramp angle can be positive or negative and is not
necessarily small. The projection of the physical plane onto the
streamline plane, including the Dirichlet boundary conditions, is
shown in Fig. 4. The compression corner maps to T =0 and the
expansion corner to T = 1.

Because the RHS of the generating equation (18) is of higher
order, substitution of expansion (19) yields the zero-order equation

aFy

aT
This implies that F| is an analytic function of 7 in the asymptotic
sense. The first-order equation and its solution are

=0 (26)

=—5-U=V) @7
T

1 1
F = ‘[E(U ~ V-5 W - V)m] + H (1)

=1-¢" (=T (28)

This last resultis obtained from Egs. (12), (14), and (15). Note that T,
is the real part of F and is generally a function of both t and 7. The
analytic function H; (t) provides for satisfying boundary conditions,
but is not needed because F) is real. Higher-order solutions can be
generated in a similar fashion.

Because the zero-order solution is indicated to be analytic, ap-
plication of the Poisson integral formula to the upper half-plane
Dirichlet problem of Fig. 4 provides the solution

Fo = (a/m)log[t/(x — D],
To = (/27) baf(s® + 1n2) /[(s — 1)* + n*1}
6o = (a/m){tan""[n/(s — )] —tan"' (n/s)} (29)

T=s+in

The real axis boundary conditions for this solution have 6 =« for
0<s <1 and 6§ =0 elsewhere.
To zero order the normalized mass flux is

PG/ Pooos = {(s* + 1) /[(s — 1> + n*|}*/*" (30

Atthe compression corner, T = 0, stagnation is predicted for all ramp
angles, even for vanishingly small values of «. This leads to the
unrealistic situation where an infinitesimal geometric perturbation
produces a finite effect, that is, stagnation. For o« = 77/2, stagnation
is the correct condition. Thus, nonzero velocity must exist at smaller
angles, with freestream conditions being approached at t =0 as «
vanishes. At the expansion corner, infinite mass flux is predicted

Streamline Plane
T=s+1n

S N I N

L

T N

COmPpression corner expansion corner

Fig. 4 Projection of physical plane onto streamline plane.
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Fig. 5 Mass flux variation with velocity.
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Fig. 6 Projection of streamline plane onto coordinate-straining plane.

by solution (30), even for vanishing «. This is physically incorrect
because mass flux is bounded. (Mass flux as a function of velocity
magnitude is shown in Fig. 5.) Furthermore, this singular-type be-
havior is compounded at higher order [see solution (28)], which is
a clear indication of an incorrect formulation. The classical remedy
for this situation is a coordinate straining.

Coordinate Straining

Straightforward solution of the generating equation (18) produces
an asymptotic representation of the true solution in terms of the ar-
tificial parameter ¢. The fact that the zero-order solution (29) is
logarithmically singular at T =1 implies that F;, also has a local
dependence on T (complex conjugate) in addition to t. This de-
pendence on T decays rapidly away from the singularity, leaving
the dependence on t indicated in solution (29). This local behavior
is not captured properly by the straightforward approach so that a
local coordinate straining must be introduced. A local straining is
also called for at the compression corner to eliminate the physical
inconsistencies at T = 0 discussed earlier.

Coordinate straining is arbitrary to a certain extent.” For the ramp
problem, a suitable complex-variable straining is given by

_ 282(r+r)
1:\/ 2022 -1 —7) 3
4+l 4+ —" =G(1,7) (€20)]
2 TT

This nonanalytic mapping from the streamline plane is shown
schematically in Fig. 6. The arc C; maps to the single point r =0,
whereas the arc C, maps to T = 1. Along each of these semicircular
arcs the dependent variable T takes on a constant value. This leads
to a mixed boundary value (Dirichlet-Neumann) problem. These

straining properties can be expressed as
lirrl(]{;’}:veiw, hm{ }=1+86°, lim{¢—1}=0
(32)

where 0 < <7 and 0 < w < 7. Presumably the parameters § and
v are small.

n
0.1 n=.0005
5=.1
0.08 v=.05
0.06
0.04
0.02
‘J 3
-0.5 0.5 1 1.5

Fig. 7 Variation of 7 for streamline close to boundary, n = 0.0005, 6 =
0.10, and v = 0.05.
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~0.25 |

-0.5L

Fig. 8 Variation of s for streamline close to boundary, r = 0.0005, 6 =
0.10, and v = 0.05.

Fig. 9 Straining function characteristics near boundary.

The variation of the quantities 1 and s along a streamline close
to the boundary (that is, n» =0.0005) is shown in Figs. 7 and 8,
respectively, for arbitrarily chosen values of 6 and v. The local nature
of the straining is evident in Fig. 9, which shows the variation of s for
n=0.05 and » =0.5 in addition to that for n = 0.0005. Properties
(32) along with the parameters § and v can be exploited to make the
higher-order solutions physically consistent and uniformly valid.

Zero-Order Solution

The coordinate straining (31) transforms the generating
equation (18) to the ¢ plane. To zero order (in ¢), the generating
equation (24) becomes

V1G R 9G o
a¢ ¢ Il
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Solution Plane

w=u+iv

Fig. 10 Projection of coordinate-straining plane onto solution plane.

Because G depends on the (small) parameters 6 and v, Eq. (33)
can be expanded in a secondary asymptotic sequence of equations
relating to powers of § and v. The lowest-order (zero order in ¢, 8,
and v) equation is (because G is higher order)

a—f}? =0 (34)
3¢

which indicates that FJ is analytic in the ¢ plane. Conformal
mapping can, therefore, be used to solve this lowest-order mixed
boundary-value problem.
The mapping
w=(&—b)/(—d),

w=u-+iv

d=3[1-8+v2+ /(1 — 62 — 202(1 +82) + v*]
b=1v*/d (35)

transforms the straining plane of Fig. 6 to a semi-annular region
in the lower-half w plane, as shown in Fig. 10. The radii of the
semicircular arcs C; and C, are, respectively,

r=v/d, R =(1/8)(1 —v*/d) = (1/8)(1 —vr) (36)

In this domain the Dirichlet—-Neumann boundary conditions are sep-
arated, namely,

on C,:T =const, on C,:T =const
on AD:0 =0, on BC:0=a (37

There is the additional general condition that mass flux is bounded.
For isentropic conditions, the peak mass flux which occurs at M =1
is (fory =1.4)

(PDmax = [2/(y + D2V V@ =D = 0578704 ...  (38)
The analytic solution satisfying the boundary conditions (37) is
F{(¢) = (a/m) log(w) = (a/7) logl(¢ —b)/(¢ —d)]  (39)

This solution can be converted to a function of T and 7 by means of

the straining relation (31). This supports the earlier conjecture that

there is a local dependence on 7 of the zero-order (in ¢) solution

that is lost in the straightforward asymptotic expansion process.
The real part of solution (39) is

Ty = (@/27) b{[(C — b)Y —D)I/[C —d)(E — )]} (40)
At the compression corner (o > 0),
T = (a/7) bar = (@/7)[lav + 82 4 - -] (41)
At the expansion corner,

T = (/) R = —(a/7)[lnd +1* + -] 42)

Velocity is finite at the singular points and dependent on the param-
eters § and v. At T =0, the value of T, for ramp angle o must be the
same as that at T = 1 for ramp angle —«. For stagnation to occur at
the compression corner when « = /2, Eq. (41) implies » (and v)
must vanish. The parameters § and v can be used to enforce the mass
flux condition (38). Intuitively, they should be small quantities, as
suggested by the mapping (31) and the corner results (41) and (42).

Higher-order (nonsingular) solutions relating to the expansion
parameters § and v can be generated readily. As expected, these
solutions depend on both ¢ and ¢ (and hence, 7 and 7). As the sin-
gular points are approached, these solutions yield finite zero-order
contributions, whose cumulative effect is logarithmically divergent.
This breakdown is traceable to the fact that straightforward expan-
sion of the straining function (31) is not valid as t (or 7) approaches
either of the singular points. This approach was taken in Ref. 4 in
an attempt to achieve uniform validity. Although this secondary ex-
pansion approach offers some improvement over the solution (29),
it is still not acceptable.

An alternate strategy (believed to be unique) consists of substi-
tuting the straining function (31) into the solution (39) and adding
a function ® chosen to make the combination agree asymptotically
with the solution (29) to some desired order in § and v. As noted
earlier, choosing a straining function is arbitrary to a certain extent.
The zero-order solution then becomes

o« 1 1 282(t + 1)
FO_;log[E—b—l— E(r—l)\/l+m

r\/ 2v2(2—r—f):|
+oy 1+ ——
2 TT
o 1 1 282(t + 1)
_;log[i—d+§(f—l)\/l+m

Q2 —-1—7
_}_E\/l_{_v(i_rt)}-}—gd)(r,f;&w (43)
T T

2

Straightforward expansion for small § and v gives

Fo = (a/m){log[t/(t = DI+ 1 + 2+ --- + &} (44)
The first-order component ¢ is
¢i(r. T:8;v) = (82 /DgD7)[37(x — 7) — 17?]

—(v*/D§DY)[1(E - D@ —1 =37 +217)] (45)

where

Dy = V1T =+/s*+n?

Di=yG-DGE-D=ys—1D+n (46)

The second-order component is

$o(t. 1 8;v) = (8*/DyDY) [§ 72 (4T — (7 + ©)?
+10282(F — D + 27 — D] + (v* /Dy DY)
x[t@dr =3)E - 1)’Q-1 1)
+iT(r = DXE - 122 -1 - 21)]
+(87v?/DgDY)E(E — D[P G- DR -1 -1)
+iQr-DE+DR2-1-1)

+iF@ - DX+ D) - Qr—Drtc - DE-D] @)

Higher-order components can be generated readily.
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One possible form for the additive function ® (to order 8¢, v°) is
D = ¢i(¢a/py — 1) (48)

This function remains finite throughout the t plane, including the
singular points. Then Eq. (44) becomes (away from the singular
points)

Fo = (a/m) log[t/(z — D]+ O@°, v°) (49)

Extension to higher order is straightforward. The purpose of the

additive function @ is to preserve the analytic character of the zero-

order solution in an asymptotic sense, as the ¢-plane solution de-

scribed earlier attempts to do. The imaginary part of ® vanishes on

the real axis, n = 0, so that the 6 boundary conditions are unaffected.
At the singular points, Eq. (43) gives the results

) ; .
lim{Fo) = Lar — 24 12 |:tan_1 (M)
7T—=0 T T

3r veosy —d
dsi
— tan-! sin (50)
dcosyr —v
Jim (Fo) a(R+2a+ioz tan-! 8 sinw
im = —[n —— + —|tan _
el b4 3 T l1—b+dcosw
tan-! d sinw 51)
l1—d+6cosw
Use has been made of the relations
. T 2iy : T—1 2iw
lim { = =e”", lim § = =e (52)
>0 T T—>1 T—1

The imaginary parts of the relations (50) and (51) have the correct
discontinuity in surface 6 boundary conditions across the singular
points. Expressing these specific point solutions in terms of mass
flux, at the expansion corner, T =1,

D)k = poctoc (e R)" (53)

whereas at the compression corner, T =0,

(P9 = poctioc (e 3r)"” (54)

It remains to determine the parameters R and r (or the equivalent,
6 and v). The effect of compressibility on R and r can be expressed
as

Rlel/m R(\)a\/n[l 4 &R, +82R2 4. ] (55)

plel/ — r(‘,“'/”[l +eri+&m+ - ] (56)

Absolute value of the exponents prevents inversion of these relations
when « changes sign.

First-Order Solution
Solution of the first-order equation can be found by inspection
and is given by Eq. (28). To first order, the solution for T is

T =To+e[1 -] (57)

where T is the real part of solution (43). At the expansion corner
(t =1; a > 0), this solution in terms of mass flux becomes

(0D = poco(€3 R0) {1+ 6[1+ R = (¢3R)) "]} (58)

Expansion (55) has been used in arriving at this result. For sub-
sonic freestream Mach numbers, ¢ is small enough to justify series
expansion of the exponential term involved.

Pala

zero-order
second-order

|
first-order

0.4
|
0.3 M,=1
|
0.2 |
|
0.1 I
I
L €
0.05 0.1 0.15 0.2 0.25

Fig. 11 Convergence characteristics of freestream mass flux expan-
sion.

Freestream mass flux can be expressed in terms of the expansion
parameter ¢ as

Poloe =2+/E[1 = 2(y — 1]/ 7D
=2/e[l1 =2 4+2Q—yp)e* + -] (59)

This expansion converges rapidly, as shown in Fig. 11; the second-
order approximation barely differs from the exact up to M, =1.
This offers a strategy for enforcing the maximum mass flux con-
dition (38) at the expansion corner. Introduction of expansion (59)
into expansion-corner relation (58) gives

(pq)e = 2VE[1—8[(1 = RD(3R) " +1]}  (60)

where the similarity-type variable ¢ is defined as

E=e(eiRy) " 1)

Equation (60) emulates mass flux expansion (59) to first order if

)201/7[

R =1- (3R (62)

which determines R as a function of R, and «. Equation (58) then
becomes

(00 = pocdoo(€3 Ro) {1 +26[1 = (3R) ]} (63)

Extension to higher order is straightforward.
At critical freestream Mach number M7, the expansion corner
Mach number is 1, and Eq. (61) yields

e = [1/24 + D3 Re) "

= 1(M2) 1+ 1 = D21(ms)’ ) (64)

This relation determines M7, as a function of R, and .

Second-Order Solution
From generating equation (18), the second-order (in ¢) equation
is
an—la(U—i—V) 19
9t 20t P 201
When expansions (12), (14) and (15) are introduced, the second-
order solution component is

U —=V) (65)

2y +1 4T, 2T, y+139 4Ty 1=
Fy= 5 [1—e] —2[1—e 0]+Ta_r e dT + Hy (1)
(66)

The first-order solution component (28) has been incorporated into
this result. The analytic function H,(7) provides for maintaining
boundary condition fidelity.

The contribution of the second-order component is very small
and confined to the vicinity of the expansion corner T = 1 (as will be
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evident later in the computational results). The integrand in Eq. (66)
can be expanded in Taylor series about 7 =1 to give

e4T0 ~ (e%RO)M/n[l _ (2a/8n) -G - 1)] +0[(t — 1)2]
(67)

Application of the integration—differentiation operations indicated
in Eq. (66) yields

3
il ATy 4= 200, 2 vde/n (T —1)2
2 47 ~ — 2L (3R) 2L 68
ar/e T e R T = ©8)

Therefore, this term has no contribution at 7 = 1 and only minimal
contribution in the neighborhood of r =1. If the integral term is
neglected, the second-order solution component becomes

F=[Qy+D/2I1 =] =2[1 =] =T, (69)

where the zero-order solution component Ty is the real part of so-
lution (43). With this simplification the analytic function H,(7) in
expression (66) is not needed because F; is real.

At the expansion corner, T = 1, extension of the mass flux relation
(63) to second order yields

(o E = ,Oocqoo(e%RO)a/n{l n 28[1 B (e%RO)Za/n]

+(2)e2[1- (3 R) ] + 12y —3)/216

x [1= (e¥Ro) "] + £*Ra) (70)

Expansion (55) has been incorporated along with first-order result
(62). After the introduction of expansion (59), the resulting expres-
sion emulates the mass flux expansion if

Ro= (= D[1 = (FR) "]+ [1 = (FR)T] )
Equation (70) then becomes

(pQ)E = poc‘]oo(e%RO)“/”{l 26 + 28)[1_(6%R0)2a/n]

2 4o/
22— p)e[1 - (e3R) ]} (72)
To second order, expansions (55) and (56) may be written

Rlel/m — R(\]D'V”{] +e(l +8)[] . (e%RO)Zoz/n]

+ (y - 1)82[1 - (€%R0)4a/”]} (73)
and because 7 (@) =1/R(—a),
plel/m — r(\)"\/ﬂ{l —e(1— 8)[1 . (e_%ro)%t/rr]

—ye[1— (e 3r0)" ") (74)
Extension to third-order allows the factors ¢*?*? in these (and all
preceding) expressions to be eliminated. Thus far, this factor always
appears in the combination ¢?>R,, or e~*/3ry, and eliminating the
exponential factor allows these terms to be replaced by R, and ry,
respectively.

Corner Model
At the corner points the velocity (or momentum) vector rotates
at constant magnitude through an angle o due to an impulsive-type
interaction. This is illustrated by the generic model in Fig. 12. The
corner (of turning angle A) can be either compressive or expansive.
Based on dimensional considerations, a corner-point momentum
relation can be postulated having the form

gl = MZ[h1(A)(Pss — Pe) + ha(A) pe] (75)

where p., p., and g, are density, pressure, and velocity magnitude
at the corner point. The functions /,(A) and /,(A) are to be deter-
mined. This model ignores any interaction between the compression
and expansion corners of the ramp, which is justified on the basis

P A

—

Fig. 12 Generic corner model.

that the geometric singularity effects are very local. (This will be
evident later in the computational results.)

Equation (75) can be rewritten in terms of corner-velocity mag-
nitude as

a2{1 =1 = 2162} "

= MZ(hy — hy)

}V/(V*l }V/(V*l)

=1 = /206" + M2 {1~ 1 - 1)/212

(76)

Several properties of the functions /; and %, can be deduced from
this expression, namely,

(A<0,t=1
(A>0,7=0) (7

h2 _ (e%R0)72A/n

_2 \2A/n
=(e7ir0) ",

T T
1y (0) = 1, i (5) = h2(5> =0
dh dh
). )
dA A=m/2 dA A=m/2

<d"° ) =0 (79)
dAJ,_ 7/2

Note that 7o =0 when A =7 /2 (stagnation). Conditions (77) are
obtained by equating the zero-order term of Eq. (76) with that of

Eq. (72).

Application of model (76) to the ramp expansion corner
(r =1; a = —A > 0) at critical conditions gives
[y + D21/ P11 =2y = D00 — 1

=[1/(4e"m) [{l(y = D/(y + DI = 2(y — De*} (80)
Equations (64) and (77) have been used to eliminate /4, in terms
of ¢*. Application of L’Hospital’s rule at @ = 0 gives the additional
condition

h©) = —-D/y 81

One possible form for /; that satisfies this condition along with
those given in Egs. (78) is

hi(e) = [(y — D/y1(1 4+ 20/7)*(1 — /) > (82)

Note that « = — A at the expansion corner. Equation (80) can then be
solved for ¢* and R, obtained from Eq. (64). This assumed form for
hy is justified because the corner model (76) is only an approxima-
tion of the very local effects of the geometric singularity. Accuracy
of these assumptions can be verified by comparison with test data
and corroboration with the von Kdrmén similarity rule.

Application of L’Hospital’s rule to the « derivative of Eq. (80)
provides the result

(Ro)o—o = €' (83)

With the assumption that compressibility has no effect on R or ry,
the assumed relation

ro=e (1 = 2a/7)*(1 — a/7) (84)
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Fig. 13 Variation of R Land ro with ramp angle o.
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Fig. 14 Second-order variation of R—! and r with ramp angle.

provides continuity between ry and R, ! across o =0. This form

also satisfies condition (79) and vanishes at @ = 7 /2 (stagnation).

Variation with ramp angle of the parameters R, !and ry obtained
from Eqgs. (64), (80), and (84) is shown in Fig. 13. These parameters
are associated with 7 =1 and t =0, respectively. The magnitudes
of the higher-order terms appearing in Eqgs. (73) and (74) are not
relatively large. The correction ¢ R; is a maximum at critical Mach
number, with its magnitude always less than 0.20; the magnitude
of the correction &R, is always approximately less than 0.02. The
variation to second order of R~! and r with ramp angle is shown
in Fig. 14 for M, = 0.20, which is near critical Mach number for a
forward-facing step (shown later). Note that critical Mach number
for a circular cylinder is approximately 0.40. These quantities in
Fig. 14 are discontinuous at o = 0, which is indicative of a difference
between the expansion and compression processes.

Normalized velocity is provided by expansions (14), whose com-
ponents are given in Egs. (15). To second order, the normalized
velocity at the expansion corner (t = 1) is

@ = (FR)"" {1 = et = 30)[1 = (e1R)™"]

~ (o +2e[1 - (¢FR)) (85)

Introduction of expansion (73), definition (11), and Eq. (64) reduces
this result to

@ =(eFRo)"" +0()

(@) =+/12/(y + DI(e/e*) + O(&?) (86)

At critical freestream Mach number, this becomes

@De=v2/(r +1 87

which corresponds to a local Mach number of 1.

Results and Discussion

The present analysis removes the singular, nonphysical behavior
from the classical ramp flow solution (29) at both the compression
and expansion corners. Computational results that illustrate the con-
sistency of the analysis along with its convergence characteristics
are presented in this section. Corroboration with the von Kérman
similarity rule and comparison with experimental results are also
presented.

Computational Results

Figure 15 shows the surface, n = 0, distribution of T  to zero, first,
and second order for a ramp angle of 77 /4 (45 deg) and a freestream
Mach number of 0.30. Convergence is rapid and the higher-order
effects are very local. Normalized surface velocity ¢ for these same
conditions is shown in Fig. 16. The classical singular distribution
from solution (29) is also shown for comparison. The zero-order
solution is independent of M, and the first- and second-order cor-
rections are extremely small. Note the nearly order independence
of the velocity at the expansion corner, as indicated by result (86).
Further validation of this result is presented in Fig. 17, which shows
the variation with ramp angle of local Mach number at the expan-
sion corner at critical freestream Mach number. The second-order
error is at most about 1%. For completeness, the variation with ramp
angle of the compression corner Mach number at critical freestream
conditions is presented in Fig. 18. Zero-, first-, and second-order
results are shown.

Corroboration with Von Karman Similarity Rule

The present analysis can be confirmed within the frame-work of
the von Karman similarity rule. This rule (as stated in Ref. 5) is
derived from a first-order potential flow analysis under the assump-
tion of small perturbations from freestream conditions. It has been
validated extensively by experiment. The rule states that if body
thickness ratio ¢ (assumed small) and freestream Mach number are

Tx
zero
0.5
1st & 2nd
8
-0.25 0.25 0.5 0.75 1 1.25
™
0.5 a=—
4
M,=0.3
-1
-1.5

Fig. 15 Zero-, first- and second-order surface variation of T

G .
2.5

Fig. 16 Variation of normalized surface velocity.
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Fig. 17 Expansion corner Mach number variation with ramp angle at
critical conditions.

M

0.25 0.5 0.75 1 1.25 1.5

Fig. 18 Compression corner Mach number variation with ramp angle
at critical conditions.

adjusted so that the similarity parameter

tM?
r=—0 (88)

(J1-m2))

remains constant, then solutions for members of a given family of
bodies are the same, that is, depend in the same way on the spatial
coordinates, when scaled by the parameter

I'(My) =M% /(|1 —M;|)% (89)

Freestream Mach number is unrestricted. For the ramp flow problem
(small) thickness ratio is tan o ~ «.
With reference to Eqgs. (12), to first order

U=-V=c¢g* (90)

so that Euler system (9) to first order may be written in the Cauchy—
Riemann form:

6 _ 2 [T—e(1-¢»)]1=0 06 + 0 [T —e(1—¢»)]=0
ds on ¢ =5 on  0s ¢ 1=
On
Therefore, to first order [see Eq. (57)]
T —e(1 =% =To(s,n,a, R, 1)+ O(?) 92)

where T is the real part of solution (43) and first-order approxima-
tions are to be used for R and r. Application of the similarity-rule
arguments to Eq. (91) results in

T'(Mo)[Ty — i6o] = function(s, n; 1) (93)

Note that the first-order correction to 6 is zero.

Ty

8

M, =0.80; a=10deg
M, =0.85; a=6deg
M, =0.90; a=3deg
M,

=0.95; a=1deg

® Test Data

0.5 1 1.5 2

Fig. 20 Critical Mach number variation with ramp angle and com-
parison with experimental data.

The variation of I"'Ty (with A held constant) along the solid bound-
ary is shown in Fig. 19 for four values of M., namely, 0.80,
0.85, 0.90, and 0.95. The corresponding ramp angles obtained from
Eq. (88) are approximately 10, 6, 3, and 1 deg, respectively. The
scaled solutions are nearly identical; for angles larger than 10 deg,
noticeable deviations first appear at the expansion corner. Local
Mach number at the expansion corner varies from 0.97 to 1.01 for
these four solutions. For the 10-deg ramp solution (which shows
a slight deviation), this represents approximately a 25% perturba-
tion from freestream conditions. These results serve to validate the
assumptions made in deriving the local corner model.

Comparison with Experiment

Experimental data for compressible flow past wedges with
straight afterbodies are presented in Refs. 8 and 9. For a wedge
geometry, viscous effects will prevent an accurate assessment at the
leading edge (compression corner), but will be meaningful at the ex-
pansion corner. Figure 20 compares predicted critical Mach number
(at the expansion corner) obtained from Eq. (80) with data extracted
from these references. The comparison is favorable, although the
range of experimental wedge (ramp) angles is limited.

To compare with experimental surface distributions, the theoret-
ical solution must be mapped to the physical plane solid boundary

by the relation
1
o= | —ds 4
q

where o is arc length along the surface. This integration is best
carried out numerically.

Surface Mach number predictions are compared in Fig. 21 with
measurements taken from Ref. 8 for a 10-deg half-angle wedge with
a straight afterbody. These (wedge) surface data were inferred from
interferometer measurements of density and actually correspond
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Fig. 23 Comparison of surface Mach number predictions with experimental data.

to (approximately) the edge of the boundary layer displacement
thickness. The boundary layer was laminar and was relatively thin
because of the favorable pressure gradient induced by the inclined
wedge surface. Agreement is favorable except toward the leading
edge, where the boundary layer produces a slight rounding effect.
The freestream Mach number was very close to critical for the
higher-Mach-number case. The classical result derived from solu-
tion (29) is shown for comparison for the lower-Mach-number case.

Comparisons fora 7 % -deg half-angle wedge are shown in Fig. 22.
Results for a 4%—deg half-angle wedge are compared in Fig. 23; the
higher Mach number case was slightly supercritical. The pressure
gradient is less favorable for these thinner geometries, so that the
boundary layer is relatively thicker.

These comparisons provide some validation for the assumptions
made in developing the local corner model. Verification at the com-
pression corner will be difficult because of viscous effects; however,

the predictions have more merit than the nonphysical results of the
classical solution (29).

Conclusions

A newly developed procedure for deriving analytical, asymp-
totic solutions of the two-dimensional steady Euler equations has
been applied to compressible, subsonic flow past a ramp of arbi-
trary inclination angle. The Euler formulation has mass flux and
flow angle as dependent variables, which offers distinct advantages
over more conventional variable choices. Higher-order singularity
compounding at the expansion and compression corners of the ramp
inherent in the classical solution is analytically removed by means
of a non-conformal complex-variable coordinate straining, and a
new strategy is introduced to ensure uniform validity. This analysis
can provide the basis for improving inviscid CFD surface boundary
conditions near corners, for example, airfoil trailing edge.
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Second-order solutions are derived that circumvent the inconsis-
tencies arising from applying incompressible models to describe
flow behavior near geometric singularities. Mass flux at the expan-
sion corner remains bounded as a consequence of the new Euler
formulation. Computational results are presented that illustrate the
consistency and convergence characteristics of the present analysis.
The analysis is also well corroborated into the transonic shock-free
range by the von Kdrman similarity rule. Predictions of surface Mach
number for compressible flow past slender wedges with straight af-
terbodies compare favorably with experimental measurements, even
for slightly supercritical conditions. Critical Mach number predic-
tions also compare well with test data for these type bodies.
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